Abstract. We prove a rigidity theorem for dominated Hölder cocycles with values on diffeomorphism groups of a compact manifold over hyperbolic homeomorphisms. More precisely, we show that if two such cocycles have equal periodic data, then they are cohomologous.
Introduction
Given a homeomorphism f : M ý and a topological group G, a G-cocycle over f is a continuous map α : ZˆM Ñ G satisfying (1) α pm`nq pxq " α pmq`f n pxq˘α pnq pxq, @m, n P Z, @x P M.
Two cocycles α and β over f are said to be cohomologous whenever there exists a continuous map P : M Ñ G, usually called transfer map, such that α pnq pxq " P`f n pxq˘β pnq pxqP pxq´1, @n P Z, @x P M.
As it can be easily verified, the cohomology relation is an equivalence one over the space of (continuous) cocycles.
In the particular case that β is the constant function equal to e G (where e G denotes the identity element of G), we say that α is a coboundary.
Many important questions in dynamical systems can be reduced to the problem of determine whether certain cocycles are cohomologous. So, it is not surprising that this equivalence relation has been extensively studied in last decades (see for instance [Kat01] for a survey).
As it had been already noticed in [Koc13] , in general the C 0 -category is not the right one to study cohomology of dynamical systems, and depending on the dynamical properties of the system, different degrees of regularity are required to guaranty a rather reasonable description of cohomology classes.
When f is a hyperbolic homeomorphism (see § 2 for precise definitions), it seems like Hölder-regularity is sharp to study its cohomology. In fact, the seminal works of Livšic [Liv71, Liv72] claim that, when G admits a compatible bi-invariant complete distance, the periodic data of f completely characterizes Hölder-continuous G-coboundaries. More precisely, a Hölder G-cocycle α over f is a coboundary if and only if α pnq ppq " e G , @p P Fixpf n q.
This result has been considerably extended to more general groups and to higher regularity by several different authors [dlLMM86, NT96, NP01, dlLW10, Kal11, KP13] , and such results are usually called Livšic type theorems (see also [KN11] and references therein).
More generally, inspired by this results, it would be natural to ask whether two Hölder G-cocycles α and β over a hyperbolic system f satisfying the so called periodic orbit condition, POC for short, (POC) α pnq ppq " β pnq ppq, @n P Z, @p P Fixpf n q, are indeed cohomologous. When G is an Abelian group, the space of G-cocycles is naturally an Abelian group itself, and coboundaries form a subgroup. Hence, under the hypothesis of commutativity, since it can be easily verified that two cocycles are cohomologous if and only if their difference is a coboundary, the problems of characterization of coboundaries and cohomology classes are completely analogous.
However, when G is non-Abelian, the second problem is much more complicated than the first one.
In the present paper we study the characterization of cohomology classes for cocycles with values in the group G " Diff r pN q (i.e. the group of C r -diffeomorphisms of a compact manifold N ) and satisfying a domination condition. The domination condition is used to construct invariant holonomies which plays a key role in our arguments.
This generalizes the previous result independently obtained by the first author [Bac13] and Sadovskaya [Sad13] for linear cocycles (i.e. where G " GL d pRq) satisfying a fiber bunching condition. Similar results have been previously gotten by Parry [Par99] , for cocycles adimiting a bi-invariant distance, a by Schmidt [Sch99] for cocycles satisfying a "bounded distortion condition", which is much stronger than our domination assumption.
These paper is organized as follows: in section 1.1 we present the precise statement of the main result. In section 2 we give some definitions and preelimiarie results. Section 2.3 is devoted to describe a distance in Diff r pN q and some auxiliary results. In section 3 we build the main tool used in our proof: invariant holonomies. In sections 4 and 5 we construct, in some sense, explicitly the transfer map while section 6 is devoted to improve the regularity of these transfer map. (2) α pnq ppq " β pnq ppq, @n P Z, @p P Fixpf n q.
Then, there exists a ν-Hölder continuous map
Moreover, P pM q Ă Diff r´1 pN q and if f is a C r´1 Anosov diffeomorphism and the cocycles α and β are C r´1 then P is C r´1´ε for any small ε ą 0.
At this point we would like to remark that by P : M Ñ Diff r´4 pN q being a ν-Hölder continuous map we mean that P is ν-Hölder with respect to the distance function d r´4 given by (4) and the cocycle α : ZˆM Ñ Diff r pN q to be C r´1 means that the induced map α p1q : MˆN Ñ N is C r´1 . The strategy of proving this Theorem is closely related to the proof of an analogous rigidity theorem for linear cocycles, proved by the first author in [Bac13] . However, here we have additional difficulties due to the fact that the group of diffeomorphisms is infinite-dimensional.
The p2r´1q-domination condition is used to guarantee the existence of invariant holonomies with good regularity. Using this invariant holonomies we "explicitly" construct the transfer map on a dense subset where we prove it is ν-Hölder. The last step consists in extending P to the whole space M and to prove that it has, at least in some cases, a better regularity.
As a consequence of our methods we also obtain the following 
respectively. Notice that shifts of finite type and basic pieces of Axiom A diffeomorphisms are particular examples of hyperbolic homeomorphisms with local product structure (see for instance [Mañ87, Chapter IV, § 9] for details).
2.2. Cocycles and cohomology. Given any homeomorphism f : M ý and a topological group G, a G-cocycle over f is a continuous map α : ZˆM Ñ G such that α pm`nq pxq " α pmq`f n pxq˘α pnq pxq, @m, n P Z, @x P M.
On the other hand, if H another topological group such that G Ă H just as groups (i.e. their topologies are not necessarily related), then two G-cocycles α and β over f are said to be H-cohomologous whenever there exists a continuous map P : M Ñ H such that α pnq pxq " P`f n pxq˘β pnq pxqP pxq´1, @n P Z, @x P M.
Diffeomorphism groups and their topologies.
In this subsection we recall some concepts about C r -topologies on groups of diffeomorphisms and to do that, we mainly follow [dlLW10, §5.2]. From now on, N will denote a compact smooth Riemannian manifold. We write Diff r pN q for the group of C r -diffeomorphisms of N .
It is well known that Diff r pN q has a Banach manifold structure modeled on the space of C r vector fields with local charts given by composition with the the exponential map.
The topology induced by this Banach manifold structure coincides with the one induced by the C r -distance d r which is defined as follows: Let us consider a smooth curve p : R Ñ Diff r pN q. Then, for any t P R and y P N there exists a neighborhood V of t and U of 0 P U Ă T y N such that for any s P V the local representativeppsq y : U Ă T y N Ñ T pptqpyq is defined by ppsqpexp y vq " exp pptqpyq pppsq y pvqq.
Using the standard identification of the tangent space to a linear space with the linear space itself, we obtain 
This length structure on Diff r pN q allows us to define a metric d r as follows: given h, g P Diff r pN q we define
where
As it was already mentioned above, this metric d r induces the usual C r -uniform topology on Diff r pN q which coincides with the one induced by the Banach manifold structure.
Finishing this subsection, we recall four lemmas from [dlLW10, Lemmas 5.1, 5.2, 5.3 and 5.5] that we will use in forthcoming sections: }Dp s } r´2˙r´1 l r´1 pp s q, @s P r0, 1s.
On the other hand, if p P C 1`r 0, 1s, Diff r pN q˘and h P Diff r pN q, then
where the maximum is taken over all k 1 , . . . , k r ě 0 such that
Crudely, this may be estimated by
Lemma 2.4. Let C ą 0 and r P N be arbitrary. Suppose h P Diff r pN q and g 1 , g 2 P Diff r´1 pN q. Then, there exists a constant C 1 " C 1 pC, r, N q ą 0 depending only on C, r and the manifold N , such that
Lemma 2.5. Given a Lipschitz continuous cocycle α : ZˆM Ñ Diff r pN q over a homeomorphism f : M ý, let us define define
and
) .
Then we have the following estimates for
for all pn, wq P ZˆM .
Hölder cocycles and domination.
Let us consider a hyperbolic homeomorphism f : M ý on a compact metric space pM, dq and α : ZˆM Ñ Diff r pN q be a cocycle over f , where N denotes a smooth compact manifold. Given ν ą 0, we say that α is a ν-Hölder cocycle when there exists a constant C 2 ą 0 such that
On the other hand, let us define ρ " ρpαq ą 0 by
and let λ ą 0 be the constant associated to f given by Definition 2.1. Then, given a real number t ą 0, we will say that the ν-Hölder cocycle α is t-dominated whenever
In what follows, for simplicity of the presentation we will assume ν " 1; the general case is entirely analogous.
Constructing Invariant Holonomies
In this section we start the proof of Theorem 1.1. The first step of the proof is Proposition 3.1, where we show the existence of invariant holonomies for p2r´1q-dominated cocycles. This result is mainly inspired by Proposition 2.5 in [Via08] and Theorem 5.8 in [dlLW10] . In what follows we will use the letter C to denote a positive constant that may differ in each step. By Lemma 2.3, we know that
for every s P r0, 1s, and by Lemma 2.2 and Lemma 2.5 we know that the right hand is less or equal than Cρ rn l r´1 pp s q, where C is independent of n. Now, by Lemma 2.3 it easily follows that
for every s P r0, 1s. Then, applying Lemma 2.5, we get that
On the other hand, by symmetry the very same estimate holds for the inverse and thus, In this section we continue with the proof of Theorem 1.1, using the invariant holonomies constructed in §3 to define the transfer map P that solves the cohomological equation (3) in the case f exhibits a fixed point.
So, we will assume there exists x P M such that f pxq " " α p1q pyq˝P pyq˝β p1q pyq´1.
Combining this equation with the cocycle property (1), we can easily get (7). Observe we have strongly used the existence of a fixed point, the periodic orbit condition (POC) and Proposition 3.1.
Up to now we have our transfer map P defined on a dense subset of M where it satisfies the desired property (7). Then, we will show that P can be extended to the whole space M . In order to do this, we will prove that P is Lipschitz on W pxq and the following lemma plays a key role in proving that: Then, given any θ ą λ, there exist C 5 ą 0 and ε 0 ą 0 such that for any z P M and every n P Z satisfying dpf n pzq, zq ă ε 0 , there exists a periodic point p P Fixpf n q such that dpf j pzq, f j ppqq ď C 5 θ mintj,n´ju dpf n pzq, zq, for j " 0, 1, . . . , n.
Proof of Lemma 4.1. Let us consider the distance functiond on Diff r pN q given bỹ dpg, hq " sup yPN dpgpyq, hpyqq, @g, h P Diff r pN q.
Observe that the distanced exhibits the following properties:
‚ it is right invariant, i.e.dpg˝u, h˝uq "dpg, hq for every g, h, u P Diff r pN q; ‚dpu˝g, u˝hq ď pLip uqdpg, hq for any g, h, u P Diff r pN q and where Lip u denotes Lipschitz constant of u given by Lip u :" sup x‰y dpupxq, upyqq{dpx, yq. Notice that Lip u ď }Du}.
Let λ ą 0 be the hyperbolic constant associated to f given by Definition 2.1. Let us fix θ P pλ, 1q such that ρθ ă 1, where ρpαq and ρpβq are given by (6) and ρ :" maxtρpαq, ρpβqu ą 0. Let C 5 ą 0 and ε 0 ą 0 be the constants given by Lemma 4.2.
Fix an arbitrary point y P W pxq. We begin by noticing that, since y P W pxq, there exist C 6 ą 0 and n 0 P N such that it holds d`f´npyq, f n pyq˘ď C 6 λ n´n0 , @n ě n 0 .
In fact, this easily follows from the fact that, as y P W pxq " W s pxq X W u pxq, there exists n 0 P N such that f n0 pyq P W s ε pxq and f´n 0 pyq P W u ε pxq and the exponential convergence towards x in W s ε pxq and W u ε pxq. Now, let n 1 ě n 0 be such that for all n ě n 1 it holds dpf n pyq, f´npyqq ă ε 0 . Thus, by Lemma 4.2, for every n ě n 1 there exists a periodic point p n P Fixpf 2n q such that as desired. So, in order to complete the proof it remains to prove our claim. In fact, we shall only show (9). The other case (10) is completely analogous.
As before, in what follows we will use C as a generic notation for positive constants that may differ at each step.
We begin by noticing that
On the other hand, observe that
for j P t0, 1, . . . , n´1u. Thus, combining (11) and (12), and recalling that }D N αpk, zq} ď ρ k for all z P M , ρθ ă 1 and dpf´npyq, f n pyqq ď C 6 λ n´n0 , we get 
as n Ñ`8, and claim (9) is proved.
Then, we can finally prove that P can be continuously extended to the whole space M : 
where C 3 pyq :" 2C 4 C 1 pC 2 pyq, r, N q and the last estimate is consequence of Proposition 3.1.
Analogously, invoking Lemma 4.1, we can show that for every y P W pxq it holds (16) d r´3 pP pyq, P pzqq ď C 3 pyqdpy, zq, @z P W u ε pyq. Now, given y, z P W pxq with dpy, zq ă τ , where τ is the constant given by Defintion 2.1, we can consider w " ry, zs " W From the proof, we get that C 3 pwq depends on C 4 ε, r, N and C 1 pwq. Now, note that
In other words, we can estimate d r´3 pP pwq, Idq from above by some constant that depends on y but does not depend on w. Thus, repeating the previous arguments replacing r by r´1, we can show that for every y P W pxq there exists C y ą 0 such that d r´4 pP pyq, P pzqq ď C y dpy, wq`C y dpw, zq, for every z P W pxq such that dpy, zq ă τ and w " ry, zs.
Then, invoking the fact that there exists D ą 0 such that dpy, wq`dpw, zq ď Ddpy, zq, for every y, z and w as above, it follows that there exists K y " K y pr, N, C y , f q ą 0 such that d r´4 pP pyq, P pzqq ď K y dpy, zq, whenever y, z P W pxq and dpy, zq ă τ . Now, as W pxq is dense in M and M is compact it follows that there exists a constant K ą 0 such that, for all y, z P W pxq with dpy, zq ă τ we have that d r´4 pP pyq, P pzqq ď Kdpy, zq, i.e. P is Lipschitz with respect to the C r´4 topology.
Therefore, we can extend P : W pxq Ñ Diff r´4 pN q to the closure of W pxq that is the whole space M . By continuity, such extension clearly satisfies (3) and we complete the proof of Theorem 1.1 in the case f exhibits a fixed point.
Constructing a Transfer Map in the General Case
In this section we conclude the proof of Theorem 1.1, eliminating the assumption of the existence of a fixed point for f that we used in §4.
We shall use the following notation
P is Lipschitz and
To deal with the general case, let x 0 P M be a periodic point and n 0 its period. Consider now the new cocyclesα,β : ZˆM Ñ Diff r pN q over F " f n0 given bỹ
It is easy to see thatα andβ are p2r´1q-dominated over F , since f is Lipschitz, they are Lipschitz themselves and F px 0 q " x 0 . Thus, applying results of §4 to these objects we get a Lipschitz map P : M Ñ Diff r´4 pN q satisfying α pnq pyq " P pF n pyqq˝β pnq pyq˝P pyq´1, for all y P M and n P N. Rewriting this in terms of the original cocycles we get α pn¨n0q pyq " P pf n¨n0 pyqq˝β pn¨n0q pyq˝P pyq´1, for every y P M and n P N. In other words" P P Cpα pn0q , β pn0and P px 0 q " Id. What we are going to do in the rest of this section consists in showing that, in fact, this P is a transfer map for α and β, i.e. P P Cpα p1q , β p1q q. To prove that, the main step of our argument is the following q Remark 5.2. The previous lemma holds with α and β being just 1-dominated. Another superfluous hypothesis is that P pM q Ă Diff r´4 pN q. In fact, the same result holds if P pM q Ă Diff s pN q for any s ě 1 and P : M Ñ HomeopN q is Lipschitz with respect to the distanced. This will be used in the last section.
Let x P M be a periodic point and assume that its period is n 0 . Consider P P Cpα pn0q , β pn0such that P pxq " Id which we know that exists by the previous comments, and y P As already mentioned, we will proceed analogously to what we did in the proof of Lemma 4.1. Fix C 5 and ε 0 ą 0 such that the Anosov Closing Lemma 4.2 holds for θ P pλ, 1q ą 0 such that ρ.θ ă 1 where ρ " ρpα, βq ą 0 is defined in section 2.4 and consider the distanced on Diff r pN q as defined in the proof of Lemma 4.1. As y P W s pxq, f pyq P W u pxq and f n0 pxq " x, we can find C 7 ą 0 and n 2 P N such that for all n ě n 2 we have
Fix n 3 ě n 2 such that for all n ě n 3 we have that dpf´n¨n 0`1 pyq, f n¨n0 pyqq ă ε 0 and thus, by the Anosov Closing Lemma 4.2, for all n ě n 3 there exists a periodic point p n P M with f 2n¨n0´1 pp n q " p n and such that for all y P M , that is, P P Cpα p1q , β p1which completes the proof of the existence part of the Theorem 1.1.
Another way to conclude the proof of the existence part is combining the fact that there exist P P Cpα pn0q , β pn0such that for some y P M it satisfies α p1q pyq " P pf pyqq˝β p1q pyq˝P pyq´1
with the next lemma which is simple and interesting by itself [Jou88] ) we get that P is C r´1´ε for any small ε ą 0 as we want.
To complete the proof of Theorem 1.1 we have just to combine what we have done so far: in sections 4 and 5, given a periodic point x P M , we have constructed "explicitly" a Lipschitz continuous map P : M Ñ Diff r´4 pN q such that P pxq " Id and α pnq pxq " P pf n pxqq˝β pnq pxq˝P pxq´1
for all x P M and n P Z. Therefore, by Theorem 6.1, P pM q Ă Diff r´1 pN q and if f is a C r´1 Anosov diffeomorphism and α and β are C r´1 then P is C r´1´ε for any small ε ą 0 which completes the proof of Theorem 1.1.
